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ABSTRACT 

It was proved by Baumgartner and Shelah that Con (ZFC) -+ Con (ZFC 

+ "there is a superatomic Boolean algebra of width w and height w2"). 

In this paper we improve Baumgartner-Shelah's theorem, showing that 
Con (ZFC) --} Con (ZFC + "for every a < w3 there is a superatomic 

Boolean algebra of width w and height (f ') .  

0. I n t r o d u c t i o n  

A Boolean algebra B is s u p e r a t o m i c  if every subalgebra of B is atomic. It  is 

a well-known fact that  a Boolean algebra B is superatomic iff its Stone space 

S(B) is scattered. The Cantor-Bendixson process for topological spaces can 

be transferred to the context of Boolean algebras, obtaining in this way an in- 

creasing sequence of ideals. Suppose that  B is a Boolean algebra. Then, for 

every ordinal (~ we define the ideal Is as follows: I0 = {0}; if (~ = ~ + 1, 

I s  = the ideal generated by I~ U {b E B: b/I~ is an a tom in B/I~}; and if a is 

a limit, I s  = U{I~: fl < a}. Then, B is superatomic iff there is an ordinal 

such that  B = I s .  

We define t h e  h e i g h t  of a superatomic Boolean algebra B by ht(B) = the 

least ordinal a such that  B/Ia is finite (which means B = In+l) .  For every 

(~ < ht(B),  we denote by wd~(B) the cardinality of the set of a toms of B/Is ,  
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and then we define t h e  w i d t h  of B by wd(B) -- sup{wd~(B): a < ht(B)}. If a 

is an infinite cardinal and ~/is a nonzero ordinal, we say that B is a (a, ~?)-BA, 

if B is superatomic, wd(B) -- a and ht(B) = ~. B is R-thin-tal l ,  if B is a 

(a, y)-BA for some y _> a +. B is R- th in-very  tall ,  if B is a (a, 7/)-BA for some 
~ a ++.  

Juh~sz and Weiss proved in [4] that  for every a < w2, there is an (w, a)-BA. 

It is not known whether there is an (wl, w2)-BA. Nevertheless, it was shown in 

[8] that for any specific regular cardinal a and any specific ordinal ~7 < a ++, the 

existence of a (a, ~/)-BA is consistent with ZFC. Also, Baumgartner and Shelah 

proved in [1] that  the existence of an (w, w2)-BA is consistent with the axioms of 

set theory. On the other hand, it is known that under CH there is no (~v, w2)-BA 

and that  it is consistent that the continuum is large and w-thin-very tall Boolean 

algebras do not exist (see [5] and [9]). Then, our aim here is to prove that it is 

consistent with the axioms of set theory that  there exists an (w, y)-BA for every 

7] ( W3. 

The reader may find in [6] and in the survey paper [i01 a wide list of results 

on superatomic Boolean algebras, as well as a discussion of equivalent definitions 

and basic facts. 

Our set-theoretic terminology is standard and in accordance with [3] or [7]. 

1. Pre l iminar ies  

Let A be a set of ordinals of order type ~v2. We say that a function F: [A] 2 -~ 

[A] -<~~ is a A- f unc t i on  on  A, if F{a,/~} C_ min{c~, ~} for all a , ~  E A with a ~ r 

and for any uncountable set D of finite subsets of A there is an uncountable set 

E C_ D satisfying the following condition: 

(# )  For every a, b C E with a 7~ b, a C a \ b,/~ E b \ a and T E a Cl b we have: 

(1) T < a, ~q implies T C F{a, fl}. 
(2) r < /3 implies F{a,  T} C_ F{a,  ~}. 
(3) r < a implies F{T, ~} C_ F{a, ~}. 

It was proved by Veli~kovid that the existence of a A-function on w2 follows 

from [~1 (see [2]). Clearly, a A-function on w2 can be transferred to a A-function 

on a set of ordinals of order type co2. 

Baumgartner and Shelah used in [1] a weaker form of a A-function in order to 

construct in a generic extension an (w, w2)-BA. 

Then, our aim in this paper is to show the following result: 

THEOREM: Suppose that D~I holds. Then, there is a c.c.c, partial order that 
forces the existence of an (•, ~)-BA for every ~7 < wa. 
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So, assume tha t  [~1 holds. Since the countable  chain condit ion is preserved 

by finite suppor t  i te ra ted  forcing construct ions,  in order to find the  par t ia l  order 

required in the theorem it is enough to show tha t  for any ordinal  ~ < w3 there is 

a c.c.c, par t ia l  order P~ tha t  forces the existence of an (w, ~?)-BA. To define the 

par t ia l  order Pv we will use the notion of a tree of intervals introduced in [8]. 

By  an o r d i n a l  i n t e r v a l  we mean  an interval of the form [c~,/3), where a, /3 are 

ordinals wi th  (~ < /3 .  Given an ordinal  interval I -= [c~,/3), we write I -  = a and 

I + =/3.  

Let ~ be  a nonzero ordinal. A t r e e  o f  i n t e r v a l s  on ~ is a collection of ordinal 

intervals 27 = [-Jn<~ I n  where: 

(1) 270 = {[0, 7)}. 

(2) For e v e r y I ,  J e Z ,  I C  J o t  J C _ I o r I • J = 0 .  

(3) If  I ,  J are different elements  of Z, I C_ J and J +  is a limit, then I + < J + .  

(4) I n  par t i t ions  [0, 7~) for each n < w. 

(5) Z,~+I refines Zn for each n < w. 

(6) {a} e Z for every a < 71. 

Suppose tha t  I -- [-Jn<~ I n  is a tree of intervals on an ordinal  71. Then: 

(1) For each n < w, we write E n  -- { I -  : I �9 I n  }. 

(2) For a < ~l and n < w, we write I ( a ,  n) = the interval I �9 2:n such t ha t  

a � 9  

(3) For a < ~/, we write l((~) = the least n such tha t  there is an I �9 2;,~ wi th  

I - -  ~ O/. 

Let I be a tree of intervals on an ordinal  ~/. Let  a < /3 < ~ and I �9 5. 

We say t ha t  ~,/3 s e p a r a t e  a t  I ,  if for some n < w, I = I(o~, n)  = I(/3, n)  and 

I(c~, n + 1) # I(/3, n + 1). Then,  we say tha t  n is the l eve l  w h e r e  c~,/3 s e p a r a t e ,  

and we write j ( a , /3 )  = n. Note tha t  any pair  of different elements of ~l separa te  

at  some interval of 2:. 

Now we say t ha t  a tree of intervals :Y = [-Jn<~ I n  is co f ina l ,  if the following 

two conditions hold: 

(1) For every I �9 Z,~ with  I + a limit ordinal, E,~+I N I is a sequence of order  

type  cf ( I+) .  

(2) For every I �9 Zn with  I + a successor ordinal, En+I  n I is finite. 

Then,  for every nonzero ordinal  ~? there is a cofinal tree of intervals on ~/ (see 

[8]). 
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2. T h e  f o r c i n g  c o n s t r u c t i o n  

Assume tha t  [~o~ holds. We fix an ordinal  ~/such tha t  w2 _< y < w3 and a cofinal 

tree of  intervals 2: = Un<~ Z,~ on ~/. For every n < w and every I C 1;n we choose 

a function Fx: [En+I N I] 2 -+ [En+l n I] <• as follows. I f  c f ( I  +) < wl, for every 

a ,  fl 6 E~+I  N I with a < / ~  we define Fz{c~, ~} = {7 6 En+I N I : 7 < a}.  And 

if c f ( I  +) = w2, Fz is a A-funct ion on E,~+I A I .  Then,  we define the following 

function F:  [~/]2 __+ [~/]<w. Suppose a < fl < ~/. Let 1 6 Zn be the interval where 

a , /~ /separa te .  Let  J, K 6 Z,~+I such tha t  a 6 J and ~ / 6  K .  Then,  we define 

F{a , /3}  = F , { J - , K - }  U { I - } .  

Next ,  consider a ,  fl such tha t  a < ~ < ~/. Let k = j ( a ,  fl), J = I ( a ,  k + 1) and 

K = I ( ~ ,  k + 1). For 1 < w, we write fll = I(f l ,  l ) - .  Then,  we define t h e  w a l k  

f r o m  a t o  fl v i a  5,  in symbols  w(a,~/) ,  as follows. I f  a = J -  and fl = K - ,  we 

define w(a,  ~) = (a, ~). I f  a r J -  and 1~ = g - ,  w(a,  fl) = (a, g+, ~). I f  a -- J -  

and f l r  K - ,  then  w(a,  fl) = (a, l~k+l, i lk+2,. . . , /~1(~)-1,/3/.  And if a r J -  and 

fl ~ K - ,  w(a,t~) = (a, J+, f lk+l , t~k+2, . . . , f l l (#)- l , f l ) .  Note tha t  this not ion is 

in a sense similar  to the notion of a walk considered by Todorcevic in [11]. 

We write T = U{To : a < ~/} where To = {a} x w for each a < y. T will be 

the underlying set of the (0a, 7/)-BA we will construct  by forcing. I f  s E To for 

some a < 7/, we write r ( s )  = a and l(s) = l(~r(s)). 
Our  c.c.c, notion of forcing will adjoin a par t ia l  order _< on T and a function 

i: IT] 2 --+ IT] <W in such a way tha t  for s, t e T with s r t, the s u p r e m u m  of 

i{s,  t} represents  the meet  s A t. 

Then,  we define P ,  as the set of all p = (x v, <p, iv) such tha t  the following 

condit ions hold: 

(*) (1) xp is a finite subset  of T. 

(2) _<p is a par t ia l  order on Xp such tha t  for every s, t E Xp, s <p t implies 
< 

(3) ip: [Xp] 2 -+ [xp] <~ satisfying the following: 

(a) I f  s <p t, then  ip{s, t} = {s}. 

(b) I f  s /~p  t and lr(s) < It(t),  then ip{S, t} C_ U{Ta:  c~ r F{l r (s ) ,  lr(t)}}. 

(c) I f  s, t e Xp with s r t and 7r(s) = 7r(t), then ip{S, t} = O. 

(d) For all v E ip{s, t}, v <_p s, t. 

(e) For every u _<p s, t there is a v E ip{s, t} such tha t  u <p v. 

(4) I f s  <p t, there are u l , . . . , u n  E Xp with s <p ul  _<p . - .  _<p u ,  _<p t such 

tha t  w(r(s ) ,  ~r(t)) -- (~r(s), r ( U l ) , . . . ,  ~r(u,0, r ( t ) ) .  

I f p ,  q E P~, we write p <,~ q i f fxp  D_ xq, <pIXq =<_q and ip I [Xq] 2 = iq. 

We put  P .  = (P . ,  < . ) .  
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If  ~ = w2, conditions ( . )(1)  - (3) correspond to the conditions used by 

Baumgar tner  and Shelah in [1]. However, if w2 < ~ < w3, we will need con- 

dit ion (*)(4) in order to verify the countable chain condition. 

If  p E P~ and s, t C xp are such tha t  s ~_~p t or t ~p S, we say tha t  s, t are 

c o m p a r a b l e  in  p. 

Suppose tha t  p E Pv and s <p t. Then, if u l , . . . , u n  are elements of Xp 

satisfying (*)(4) for the pair s , t ,  we say tha t  the sequence (s, u l , . . . , u n ,  t) is 

a w a l k  f r o m  s t o  t i n p .  Note tha t  if ( v l , . . . , v n )  is a w a l k  from vl to v,~ 

i n p  E P~, we might  have vi = vi+l for some i C { 2 , . . . , n -  1}. Then,  if 

( v l , . . . ,  vi, v , . . . ,  v, v j , . . . ,  v,~) is a walk from vl to v ,  in p, we shall also consider 

the sequence ( v l , . . . ,  vi, v, vj, . . . ,  vn) as a walk from vl to v,~ in p. 

LEMMA 1: I f ] ~  preserves cardinals, forc/ng with P~ adjoins an (w, ~I)-BA. 

Proof." Let G be a P~-generic filter. We write _<= U{_<p : p c G)  and i = 

U{iB: p E G}. It  is easy to check tha t  T -- U{xp: p E G} and tha t  < is a partial  

order on T. 

Now suppose tha t  a < fl < y and t E T~. We prove tha t  the set {s C T~: s < t )  

is infinite. To check this point,  suppose tha t  p C P ,  and no < w. We show tha t  

there is a q E P~ such tha t  q -<7 P and ( a , n )  <q t for some n > no. We 

may assume tha t  t E x p .  Consider n > no such tha t  for every u E Xp, if 

u = ( r ( u ) , m )  then m < n. Let k -- j(e~,fl). We assume l(a)  = k + l  and 

l(~) > k + 1. Otherwise, the considerations are similar. We put  s = (c~,n), and 

for k < l < I(fl) we write tl = (El,n) where St = I(fl ,  l ) - .  Then, we define 

q = (Xq, <q, iq) as follows: 

(1) xq = xp U {s} U {t,: k < l < / ( f l )} .  

(2) < q : < p  U{(8, V): t ~p V} U {( t l ,v) :  t ~p v and k < l < /(fl)}U 

{(s, tt): k < l < / ( f l ) }  U {(t l , tm): k < l < m < l(/3),tl r tin). 

(3) iq{U,V} = ip{U,V} if u ,v  e Xp; iq{U,V} = u if u <q v; iq{U,V} = v if 

v <q u; and iq{U, v} = 0 otherwise. 

We show tha t  q C P~. The verification of (*)(1) - (3) is straightforward.  

Then, we check (*)(4). Suppose tha t  u <q v. If  u <p v, we are done. So, we 

assume u ~p v. It  follows from the definition of <q tha t  u E {s, t k + l , . . . ,  t / (~)-l} 

and v e { t k + l , . . .  , tl(~)_l, t} U i v' E Xp: t <p v'}. Suppose tha t  v = t m  for 

k < m < l(fl). Then,  if u = s we have tha t  (s, t k + l , . . . ,  tin) is a walk from s to 

tm in q; and i f u  = tt for k < l < m, then ( t l , t t + l , . . . , t m )  is a walk from tl to  

tm in q. If  v = t, we proceed in a similar way. 

Now, we suppose u = s and t <p v. If  u E {tt: k < 1 < / ( ~ ) }  and t <p v, the 

considerations are analogous. Let ~, = ~r(v) and m = j((~, 3')- Since j ( a ,  ~) = m, 



278 J . c .  MARTINEZ Isr. J. Math. 

we have l(3') _> m + 1. We assume l(3') > m + 1 (the si tuat ion 1(7) -- m + 1 is 

similar and easier to handle). Note tha t  since a < ~ < % we have m _< k. Then, 

we distinguish the following cases: 

CASE l :  m < k. 

It  follows tha t  ~ E I (a ,  m + 1), and therefore j(fl ,  "y) = m. Let 

(t, t', v m + l , . . . ,  vl(~)-l, v) 

be a walk from t to v in p. Then, (s, t ~, Vm+l , . . . ,  vl(~)-l,  v) is a walk from s to 

v inq .  

CASE 2: m = k and "y • I(fl ,  k + 1). 

Consider a walk (t, t ~, Vk+l , . . . ,  vl(~)-l, v) from t to v in p. Then, 

(s, Vk+l, �9 �9 �9 vl(-y)- 1, v) 

is a walk from s to v in q. 

CASE 3: m = k and 3' C I(fl,  k + 1) \ I(fl ,  l(13)). 

Let l = j(fl, 'y). We have l( t) , l(v) >_ l + l .  First, a s s u m e l ( t ) , l ( v )  > I +  
1. Then,  if ( t , t~ ,vl+l , . . . ,vz(~)_z,v)  is a walk from t to  v in p, we infer tha t  

(S, t k+l , . . . , t l , v z+l , . . . , v l ( .~ ) - l , v )  is a walk from s to v in q. Analogously, if 

l(t) = 1 + 1 and l(v) > l + 1, we have tha t  if (t, V t+ l , . . . ,  vl(~)-l, v) is a walk from 

t to v in p, then (s, t k+l , . . . , t z , vZ+l , . . . , v l ( .~ ) - l , v )  is a walk from s to v in q. 

And  i f / (v)  = l + 1, it is clear tha t  (s, t k + l , . . .  , t l ,v)  is a walk from s to v in q. 

CASE 4: m = k and "y e I(fl ,  l(/3)). 

Let l = j (~,  7)- Assume l(v) > l + 1. Then, if (t, V t+ l , . . . ,  vl(~)-l,  v) is a walk 

from t to v in p, we have tha t  (s, tk+l,  �9 �9 t/(f~)-l, t, Vl+l,. �9 v/(~,)-l, v) is a walk 

from s to v in q. On  the other hand, if l(v) = 1 + 1 note tha t  (t, v) is the only 

walk from t to v in p, and then we obtain  tha t  (s, t k + l , . . . ,  t l (~)-l ,  t, v) is a walk 

from s to  v in q. 

Thus, proceeding as in [1, Theorem 7.1] we can show tha t  Pn adjoins an 

(w, ~)-BA. | 

Now, our purpose is to prove the following result: 

LEMMA 2: P~ is c.c.c. 

We need to introduce some definitions in order to prove Lemma 2. 

Let f :  y ~ z be a bijection, where y, z are finite subsets of T. We say tha t  

f is a d e q u a t e ,  if the following two conditions hold: 
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(1) For every s , t  e y, 7r(s) < rr(t) iff I r ( f (s) )  < ~r(f(t)). 

(2) For all s = (a, n) E y, f ( a ,  n) = (fl, m)  implies n = m. 

Now, we say tha t  a set Z C_ Pn is s e p a r a t e d ,  if the following conditions hold: 

(1) {Xp: p C Z}  forms a A-sys tem with root  x. 

(2) For each a < 7j, either Xp N Ta = x Cl To for every p E Z, or there is at most  

one p E Z such tha t  xp N To r O. 

(3) For every p, q C Z there is an adequate  bijection hpq: Xp --+ Xq such that :  

(a) For any s E x, hpq(S) = s. 

(b) For all s, t E Xp, s <_p t i f f  hpq(S) <_q hpq(t). 

(c) For all s, t e xp with s r t, hpq[ip{S, t}] = iq{hpq(S), hpq(t)}. 

(d) For every s E Xp, l(s) = l(hpq(S)). 

Note tha t  if Y , Z  c_ Pn with Y C_ Z and Z is separated, then Y is also 

separated. 

If  Z is a separated subset of Pn, we denote by x (Z )  the root  of the 

set {Xp: p C Z} .  It  should be noted tha t  if Z is separated, x = x ( Z )  and 

a = ~r[x], then for all p E Z and u E Xp, we have u E x iff r ( u )  C a. 

The following lemma can be proved by means of a s tandard  combinatorial  

argument.  

LEMMA 3: Every uncountable subset of  P v has an uncountable separated subset. 

The following two basic properties of separated sets will be essential in the 

sequel. 

LEMMA 4: Let  Z be a separated subset of  Pn. Let  x = x ( Z ) .  Suppose tha t  

p,q  E Z and u , s  C Xp with u E x, s C xp \ x and u <p s. Let  s ~ = hpq(S). 

Suppose that  I E 5[ is such that  rr(u), ~r(s) E I .  Then, r ( s ' )  E I .  

Proof." Suppose tha t  I c Zn is an ordinal interval containing ~r(u) and ~r(s). 

Assume tha t  ~r(s') ~ I .  Let m = j(~r(u), ~r(s')). Clearly, m < n. Let J = 

I(~r(s'), m + 1). Since u <q s',  by using (*)(4) we deduce tha t  there is a v' E 

x q A T j -  such tha t  u <q v ~ _<q s ~. As v ~ E T j - ,  we have l(v t) < n. Now, consider 

v = hqp(V~). Since Z is separated, we have u <p v _<p s and l(v) <_ n, which 

contradicts  the fact tha t  u, s E I E Zn. I 

LEMMA 5: Let  Z be an uncountable separated subset of  P , .  Let  x = x (Z ) .  

Then, ip [ [x] 2 = iq r [x] 2 for all p, q C Z.  

Proof: I t  is enough to show tha t  ip{s , t }  C_ x for a l l p  E Z and s , t  C x. 

Suppose on the contrary tha t  there are p E Z and s, t C x with ip{S, t} ~ x. We 
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immediately deduce from (*)(3)(a) that  s, t are not comparable in p. Now, by 

using the fact that  Z is separated, we infer that  ip{S, t} ~ x for all p E Z. Then 

since Z is uncountable, we deduce from (,)(3)(b) that  the set F { r ( s ) , r ( t ) }  is 

also uncountable, which contradicts the fact that  F: [y]2 _+ [y]_<~. I 

If  Z is a separated subset of Pu, we write ap = r[Xp] for every p E Z. 

Let Z be an uncountable separated subset of Pu. We say that  Z is a d m i s s i b l e  

if for every I E Zn such that  IE,~+I A I I = w2 and (ap ~ E,~+I M I: p E Z}  is 

uncountable, we have that  (ap A E,~+I n I: p E Z )  satisfies condition (# )  for the 

function Fx. 

LEMMA 6: Every uncountable separated subset of Pu has an admissible subset. 

Proof" Let Z be an uncountable separated subset of Pu. Let x -- x (Z )  and 

a = ~r[x]. Let k = lap \a]  f o r p  E Z. For i E { 1 , . . . , k } ,  we denote by ap(i) 

the /-element in the order of ap \ a. Then, we define a sequence Z0 _D Z1 D 

�9 .. D Zk of uncountable subsets of Z as follows. We put Z0 = Z. Consider 

i E { 1 , . . . , k } .  First, we choose an n < w and an interval Ki E I n  such that  

{ap(i) E Ki: p E Zi_l} is uncountable but for every J E I with J C Ki, 

{ap(i) E J: p E Zi-1} is countable. Note that  such an interval Ki exists, because 

otherwise we would find an infinite strictly decreasing sequence of ordinals in 

7. Now, we put Z~ = {p E Zi- l :  ap(i) E Ki}.  Then, if ]E,~+I M Ki] = w2 and 

{ap(i): p E Z~} C_ En+l MKi, we choose an uncountable subset Zi of Z~ such that  

{ap M En+I M Ki: p E Zi} satisfies (# )  for the function FK~. Otherwise, we put 

We define Y = Zk. Consider I E :Y~ such that  I E n + I M I  I = w2 and 

{ a p M E n + l M I  : p E Y} is uncountable. It  follows that  for some i < k, 

{ap(i) E En+l M I:  p E Y} is uncountable. Then, by the construction of Y, we 

deduce that  I -- Ki and {ap(i) : p E Z~} C En+l M I. So, Y is as required. I 

Now, our aim is to prove the following result: 

LEMMA 7": Every admissible subset of Pu is linked. 

Proof'. Let Z be an admissible subset of Pu. Let x = x(Z) .  As above, we 

write ap = ~r[Xp] f o r p  E Z and a = ~r[x]. Consider p,q E Z w i t h p  r q. 

Our purpose is to show that  p, q are compatible. I t  follows from Lemma 5 that  

ip I [x] 2 ~- iq I [x] 2. We define r = (xr, <r ,  i~) as follows. We put x~ = xp U Xq. 

If  s, t E Xr, we set s _<~ t i f f  s _<p t or s ~q t or there is a u E x such that  

either s _<p u _<q t or s -<a u <~p t. Now, for s, t E xr with s r t we define 
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i~{s,t} as follows: i~{s,t} = ip{s, t}  if s , t  E xp; i~{s,t} = iq{s,t} if s , t  E Xq; 

and i f s  E X p \ X  and t E Xq".x,  we define i~{s,t} = {u E Xr: u -<r s , t  and 

7r(u) E F{Tr(s),~r(t)}} if s , t  are not comparable  in r, i~{s,t} = {s} if s <~ t and 

i~{s,t} = {t} if t <~ s. 

We show tha t  r E Pn. It  is easy to check (*)(1) - (2) and (*)(3)(a)-(d) .  Then,  

we prove (*)(3)(e). To check this point,  consider s , t  E x~ with s ~ t. First, 

suppose tha t  s, t EXp.  Consider u E x~ such tha t  u _<~ s, t. I f  u E Xp, we are 

done. Then, assume tha t  u E Xq \ x. Let wl, w2 E x such tha t  u _~q W 1 _~p 8 

and u <q w2 _<p t. Let w E iq{Wl,W2} such tha t  u <q w. Note tha t  w E x. 

Now there is a v E ip{S, t} such tha t  w _~p V, and hence u _<r v. If  s, t E xq, the 

a rgument  is parallel. 

Now, suppose tha t  s E Xp ". x and t E Xq \ x are not comparable  in r. Suppose 

7r(s) < 7r(t). Consider u E x~ with u <~ s,t.  Let I E Zk be the interval where 

lr(s), ~r(t) separate. Let J = I(~r(s), k+  1) and K = I ( r ( t ) ,  k+  1). We distinguish 

the following cases: 

CASE 1: r (u)  E a \ I. 

Note tha t  u < r  s implies u <p s, and u < r  t implies u <q t. Since u <p s, we 

infer by (*)(4) tha t  there is a vl E x p N T i -  such tha t  u <p vl <p s. Analogously, 

there is a v 2  E x a N T I -  such tha t  u <q v2 <q t. Therefore, I -  E a. So, we 

have ~r(s) r I - .  Now, by using (*)(3)(c), we deduce tha t  vl = v2. Thus, since 

I -  E F{Tr(s), 7r(t)}, we are done. 

The cases ~r(u) E ap \ ( a  U I)  and r ( u )  E aq \ ( a  U I) are similar to Case 1. 

CASE 2: 7r(U) E a M I .  

Note tha t  if ~r(u) = I - ,  as I -  E F{~r(s), r ( t )} ,  we are done. So, we assume 

7r(u) r I - .  

First, we prove tha t  r ( u )  • J .  To show this, assume on the contrary  tha t  

r ( u )  E g. Let s '  = hpq(S) and t '  = hap(t ) . We infer from Lemma 4 tha t  

~r(s') E J and r ( t ' )  E I \ J .  Let K0 = I(~r(t'), k + 1). Note tha t  since ~r(t') r J ,  

we have J r K0. Suppose tha t  s ~p t I. As u <p s , t  I, there is a v  E ip{s, t  t} 

with u _<p v. Now since s ~p t '  and r ( s )  < r ( t ' ) ,  we infer from (*)(3)(5) tha t  

~r(v) E F{~r(s) ,r( t ' )}  = F I { J - , K o }  U { I - } .  Then since F I { J - , K o }  C_ J - ,  

7r(u) E J and ~r(u) > I - ,  we deduce tha t  ~r(v) < ~r(u), which contradicts  the fact 

tha t  u _<p v. Thus, we have s <p t ~. Then, by using (*)(4), we infer tha t  there is 

a ul E xp n Tj+ with s <p u l  _~p t/. Also, as s ~ <q t and ~r(s t) E J ,  we infer tha t  

there is a u2 E Xq ATj+ such tha t  s I <q u2 <_q t. Hence, J +  E a and u l , u2  E x. 

But  since u <p ul ,  u2, we infer from (*)(3)(c) tha t  ul  = u2, and so s < r  t, which 

contradicts  the assumption tha t  s, t are not comparable  in r. This completes the 
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proof  tha t  7r(u) r  

Then,  by using again (*)(4), there are vl E x p N T j -  and v2 C x a M T  K- 

such tha t  u <p Vl <p s and u <q v2 <q t. Our  purpose  is to verify tha t  there 

is a v  C Xr such tha t  u < r  v < r  s , t  and 7r(v) E F{Tr(s),Tr(t)}. To this end, 

we distinguish the following three situations: (a) Vl E x; (b) v2 e x; and (c) 

vl,v2 fd x. First ,  suppose tha t  vl E x. Then  since ~r(vl) E J and vl <p s, by 

the a rgument  given in the preceding paragraph ,  we infer tha t  vl ~a  t. Now as 

u <q v l , t ,  there is a v E iq{vl , t}  such tha t  u _~q V. So, we have v <q vl <p s 

and v <q t, and thus u <_r v <~ s, t. But  since vl :~q t and 7r(vl) < r ( t ) ,  we 

deduce f rom (*)(3)(5) t ha t  7r(v) E F{rr(Vl),  rr(t)} = F { r ( s ) ,  ~r(t)}, and so we are 

done. On the other  hand,  note tha t  if v2 E x, we would have u <p s, v2 and s, v2 

incomparab le  in p, and then  since I(Tr(v2), k + 1) = I(Tr(t), k + 1) we can proceed 

in a similar way. 

Now, we suppose tha t  Vl,V2 r x. Let Jo = I(Tr(u),k + 1). Note  tha t  if 

r(u)  7 ~ Jo ,  then  since u <p vl and u < q  V2, by using (*)(4) and (*)(3)(c),  we 

infer t ha t  there is a w E x M Tj+ such tha t  u <p w, w < p  V 1 and w < q  v 2. So, we 

m a y  assume tha t  r(u)  e Ek+l N I. We want  to show tha t  ~r(u) e F { r ( s ) ,  rr(t)}. 

We deduce f rom L e m m a  4 tha t  r(hpp,(vl)) E I for every p~ E Z, and hence 

{ap MEk+I N I :  p �9 Z} is uncountable.  Wi thou t  loss of generality, we m a y  suppose 

IEk+l MII = w2. Then,  as Z is admissible, { a p N E k + l  MI: p �9 Z} satisfies ( # )  for 

the function FI .  We have r ( u ) ,  ~r(vl), r(v2) �9 Ek+INI  and rr(u) < r ( v l )  < ~r(v2). 

Since vl,v2 r x, we infer tha t  J -  �9 ap".a,  K -  �9 a q \ a .  Then  as r ( u )  �9 a, we 

deduce t ha t  rr(u) �9 F x { J - ,  g - }  C F { J - ,  g - }  = F { r ( s ) ,  r ( t )} .  

CASE3:  7 r ( u ) � 9  ( a p \ a )  MI .  

We assume r ( u )  r I - .  Consider w �9 x such tha t  u <p w <q t. Since s, t are 

not comparab le  in r,  it follows tha t  s Cp w. Also, if w <p s we would apply  Case 

2. So, we suppose tha t  s, w are incomparable  in p. 

Note  tha t  if r ( w )  �9 K ,  then  since u <p s, w there would exist a v �9 ip{S, w} 

such tha t  u <_p v and r(v)  �9 F{~r(s),Tr(w)} = F{r(s) ,rr( t )} .  So, as v <~ s,t ,  

we are done. Thus,  assume tha t  7r(w) ~ K .  Since w <q t and w <p hqp(t), by 

using (*)(4) and (*)(3)(c),  we may  suppose tha t  7r(w) �9 Ek+l M I. Since s ,w  

are incomparable  in p, u <p s ,w  and r ( s )  �9 J ,  we deduce f rom (*)(3)(e) and 

(*)(3)(5) tha t  7r(u) r g. Then,  by (*)(4), there are vl �9 Xp A T j -  such tha t  

u <p vl _<p s and v2 �9 Xq M TK- such tha t  w <q v2 _~q t. Suppose tha t  vl �9 x. 

As u <p vl,  w, there is a v �9 ip{Vl, w} such tha t  u __~p V. But  since v �9 x and 

v <~ s, t, by Case 2 we are done. Also, if v2 E x we would have u <p s, v2 and 

s, v2 incomparable  in p, and then  since I(rr(v~), k + 1) = I(~r(t), k + 1) it is easy 
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to obta in  the desired conclusion. 

Therefore,  we may  suppose tha t  vl c Xp \ x and v2 E Xq \ X. Note tha t  if vl <p 

w, we have vl <p s, w, and thus since s, w are not  comparab le  in p, we deduce 

f rom (*)(3)(e) and (*)(3)(5) t ha t  lr(vl) < J - ,  which contradicts  the fact t ha t  

vl E T j - .  On the other  hand,  i f w  ~p Vl, we deduce t ha t  w < r  s , t ,  and therefore 

we could apply  again Case 2. So, we suppose tha t  Vl,W are incomparable  in 

p. Then  as u <p v l , w ,  there is a v E ip{Vl ,W} such tha t  u _<p v and r ( v )  E 

F{Tr(Vl) , r (w)}.  Since v <p Vl,W, it is clear t ha t  v < r  s , t .  We want  to show 

tha t  7r(v) �9 F{Tr(S), 7r(t)}. Note tha t  as w <q v2 and / (v2 )  -- k + 1, we infer from 

L e m m a  4 tha t  {ap A Ek+l  A I : p �9 Z} is uncountable.  Wi thou t  loss of generality, 

we may  assume IEk+l A I I = w2. Since Z is admissible,  {ap A Ek+l  A I :  p �9 Z} 

satisfies ( # )  for the function FI .  Then,  since ~r(w) < ~r(v2), it is easy to check 

tha t  F{ r (v~ ) ,  7r(w)} C F{~r(vl),  7r(v2)}. So we have 7r(v) �9 F{Tr(vl),  7r(w)} C_ 
= 

The case ~(u)  �9 (aq \ a) A I is similar  to Case 3. 

Next,  we prove t ha t  ( , ) (4)  holds for r. Consider s, t �9 xr  such t ha t  s <~ t. 

I f s ,  t �9 xp or s , t  �9 xq, w e a r e d o n e .  Assume tha t  s �9 X p \ x a n d t  �9 x q \ x .  

Let  u �9 x s u c h t h a t  s <p u <q t. Let  k = j ( l r ( s ) , ~ r ( t ) ) , a  = 7r(s), fl = r ( t )  

and ~ = ~r(u). P u t  g -- I(Tr(s), k + 1) and g = I(~r(t), k + 1). Wi thou t  loss of 

generality, we may  assume lr(s) > J -  and 7r(t) > K - .  Then,  we distinguish the 

following cases: 

CASE 1: 7r(u) �9 J .  
t t I t  follows tha t  k = j(~r(u), r ( t ) ) .  Then,  if (u, u ' ,  t k + l , . . . ,  tl(/~)_l, t) is a walk 

f rom u to t in q, we have tha t  (s, ut, tk+l , !  . . . ,  tl(~)_l,! t) is a walk f rom s to t in r. 

CASE 2: 7r(u) �9 K .  

Pu t  m = j(Tr(u), ~r(t)). Note tha t  k = j ( r ( s ) ,  r (u ) ) .  Suppose tha t  

! t 
(8,  8 I, U k + l , . . .  , Ul( ,7)_l  , U) 

is a walk f rom s to u in p and (u, 5, t i n + l , . . . ,  tz(t~)-l, t) is a walk f rom u to t in 
! ! -- 

q. Then,  (s, st, u k + l , . . . , u m , t m + l , . . . , f l ( Z ) - l , t )  is a walk f rom s to t in r. 

C A S E  3:  7 r (u)  r J U g .  

Note tha t  j(Tr(S),Tr(U)) = j ( I r (u ) , r ( t ) )  = k. Since s <p u, there is an s '  E 
t ! Xp A Tj+ such tha t  s <p s t <_p u. Now suppose tha t  (u, u !, tk+ 1 . . . .  , t/(/~)_l, t) is 

! ! 
a walk f rom u to t in q. Then,  (s, s t, t k + l , . . .  , t l(z)_l , t / is a walk from s to t in 
?'. 

This completes  the proof  t ha t  r E P~. Then,  it is clear tha t  r <~ p, q. | 
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So, we have proved L e m m a  2, and thus we obta in  our main  result. Also, 

note t ha t  as a consequence of our forcing construct ion,  we obta in  the following 

consistency result: 

COROLLARY: M A  + 2 ~ > w2 + [3w1 implies the existence of  an (w, a ) -BA  for 

every a < w3. 

So, if we consider the forcing of Solovay and Tennenbaum over a ground model  
of V = L, we obta in  tha t  in the generic extension there is an (w, a ) - B A  for every 
t~ < w 3 .  
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